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Abstract Within leading-order perturbation theory,
the Casimir-Polder potential of a ground-state atom pla-
ced within an arbitrary arrangement of dispersing and
absorbing linear bodies can be expressed in terms of the
polarizability of the atom and the scattering Green ten-
sor of the body-assisted electromagnetic field. Based on
a Born series of the Green tensor, a systematic expansion
of the Casimir-Polder potential in powers of the electric
susceptibilities of the bodies is presented. The Born ex-
pansion is used to show how and under which conditions
the Casimir-Polder force can be related to microscopic
many-atom van der Waals forces, for which general ex-
pressions are presented. As an application, the Casimir-
Polder potentials of an atom near a dielectric ring and
an inhomogeneous dielectric half space are studied and
explicit expressions are presented that are valid up to
second order in the susceptibility.
PACS 12.20.-m Quantum electrodynamics – 34.50.Dy
Interactions of atoms and molecules with surfaces; pho-
ton and electron emission; neutralization of ions – 34.20.-
b Interatomic and intermolecular potentials and forces,
potential energy surfaces for collisions – 42.50.Nn Quan-
tum optical phenomena in absorbing, dispersive and con-
ducting media
1 Introduction
The forces of electromagnetic origin that arise between
electrically neutral, unpolarized but polarizable objects
are commonly known as dispersion forces [1,2,3,4,5].
They were first addressed within the context of quan-
tum electrodynamics (QED) by Casimir and Polder [6,
7], who showed that they may be attributed to the vac-
uum fluctuations of the electromagnetic field. In accor-
dance with the different nature of the interacting objects,
one may distinguish between three types of dispersion
⋆ Electronic address: s.buhmann@tpi.uni-jena.de
forces, namely the forces between atoms—in the follow-
ing referred to as van der Waals (vdW) forces, the forces
between atoms and macroscopic bodies—in the follow-
ing referred to as Casimir-Polder (CP) forces, and the
forces between macroscopic bodies—in the following re-
ferred to as Casimir forces.
Dispersion forces play a major role in the understand-
ing of many phenomena, and they can be a useful or
disturbing factor in modern applications. Apart from be-
ing crucial for the understanding of many structures and
processes in biochemistry [8], they are responsible for the
remarkable climbing skills of some gecko [9] and spider
species [10]; the construction of atomic-force microscopes
is essentially based on dispersion forces [11], while they
are also responsible for the problem of sticking in nan-
otechnology [12]. In particular, CP forces between atoms
and macroscopic bodies are needed for an understand-
ing of the adsorption of atoms and molecules to surfaces
[13]; they can be used in atom optics to construct atomic
mirrors [14], while they have also been found to severely
limit the lifetime of atoms stored on atom chips [15].
The study of CP forces which were first predicted
for the idealized situation of a ground-state atom inter-
acting with a perfectly conducting plate [6] has since
been greatly extended. Various planar geometries like
the semi-infinite half space [16,17,18,19], plates of finite
thickness [20], two-layered plates [21] or planar cavities
[20,22] have been treated, the most general planar ge-
ometry being the planar multilayer system with an ar-
bitrary number of layers [23,24]. Systems with spherical
[25,26] or cylindrical symmetries [25,27] have also been
considered. It should be mentioned that some theoretical
approaches (in particular, those based on normal-mode
quantization, e.g., Refs. [6,18,19,20,22,25]) require a sep-
arate treatment for each specific geometry, whereas oth-
ers (in particular, the methods based on linear response
theory, e.g., Refs. [16,17,21,26,27]) lead to general ex-
pressions that are geometry-independent.
Recently, the problem has been studied within the
frame of macroscopic QED in dispersing and absorbing
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media and an exact derivation of a general expression
for the CP force has been given [23,28,29]. Although the
problem of calculating CP forces (or equivalently, the re-
spective CP potentials) is thus formally solved, explicit
evaluation requires knowledge of the (classical) Green
tensor for the body-assisted electromagnetic field, which
is (analytically) available only for a very limited class
of geometries. In particular, inhomogeneous bodies or
bodies of exotic shapes have not yet been treated. Nev-
ertheless, it shall be demonstrated in this paper that the
general solution—in combination with a Born expansion
of the Green tensor—may serve as a starting point for
the systematic study of a wide class of geometries.
Furthermore, the Born expansion helps making gen-
eral statements about two fundamental issues regarding
CP forces. First, it may answer the question of whether
and to what extent CP forces are additive. Second, it can
be used to clarify the microscopic origin of CP forces. It
is known that up to linear order in the electric suscep-
tibility the force between an atom and a macroscopic
body that may be regarded composed of atom-like con-
stituents can be obtained by summation of two-atom
(microscopic) vdW forces [5,30]; an analogous relation
between the Casimir force and CP forces can be estab-
lished [30,31,32,33,34,35,36]. It is also known that pair-
wise summation fails at higher order in the susceptibil-
ity [37,38], where many-atom interactions begin to play
a role [39,40,41,42,43]; in fact, it has been shown that
an infinite series of many-atom interactions must be in-
cluded in order to derive the CP force between an atom
and a semi-infinite dielectric half space microscopically
[37].
The article is organized as follows. In Sec. 2 the Born
expansion of the CP potential of an atom placed within
an arbitrary arrangement of locally, linearly, and causal-
ly responding isotropic dielectric bodies is given. The
results are then used to elucidate the relation to micro-
scopic descriptions (Sec. 3), and to study some specific
geometries (Sec. 4). Finally, a summary is given in Sec. 5.
2 Born expansion
Consider a neutral, non-polar, ground-state atomic sys-
tem A such as an atom or a molecule (briefly referred to
as atom in the following) at position rA which is placed
in a free-space region within an arbitrary arrangement
of linear dielectric bodies. The system of bodies is char-
acterized by the (relative) permittivity ε(r, ω), which
is a spatially varying, complex-valued function of fre-
quency, with the Kramers-Kronig relations being satis-
fied. Within leading-order perturbation theory, the CP
force on the atom due to the presence of the bodies can
be derived from the CP potential (see, e.g., Ref. [28])
UA(rA) =
~µ0
2π
∫ ∞
0
du u2αA(iu)TrG
(1)(rA, rA, iu) (1)
according to
FA(rA) = −∇AUA(rA) (2)
(∇A≡∇rA). In Eq. (1),
αA(ω) = lim
ǫ→0
2
3~
∑
n
ωAn0|dA0n|2
(ωAn0)
2 − ω2 − iωǫ (3)
is the ground-state polarizability of the atom in low-
est order of perturbation theory [ωAn0 ≡ (EAn − EA0 )/~,
(bare) atomic transition frequencies; dA0n ≡〈0A|dˆA|nA〉,
electric-dipole transition matrix elements of the atom],
and G(1)(r, r′, iu) is the scattering part of the classical
Green tensor of the body-assisted electromagnetic field,
G(r, r′, ω) = G(0)(r, r′, ω) + G(1)(r, r′, ω) (4)
[G(0)(r, r′, ω), vacuum part], which is the solution to the
equation[
∇×∇×−ω
2
c2
ε(r, ω)
]
G(r, r′, ω) = δ(r− r′)I (5)
(I, unit tensor) together with the boundary condition
G(r, r′, ω)→ 0 for |r− r′| → ∞. (6)
Suppose now that
ε(r, ω) = ε(r, ω) + χ(r, ω), (7)
with the Green tensor G(r, r′, ω), which is the solution
to [
∇×∇×−ω
2
c2
ε(r, ω)
]
G(r, r′, ω) = δ(r− r′)I, (8)
being known. A (formal) solution to Eq. (5) can then be
given by the Born series
G(r, r′, ω) = G(r, r′, ω)
+
∞∑
k=1
(ω
c
)2k[ k∏
j=1
∫
d3sj χ(sj , ω)
]
× G(r, s1, ω) · G(s1, s2, ω) · · ·G(sk, r′, ω), (9)
as can be easily verified using Eq. (8) together with
[
∇×∇×−ω
2
c2
ε(r, ω)
] ∞∑
k=1
(ω
c
)2k[ k∏
j=1
∫
d3sj χ(sj , ω)
]
× G(r, s1, ω) · G(s1, s2, ω) · · ·G(sk, r′, ω)
=
(ω
c
)2
χ(r, ω)G(r, r′, ω). (10)
Combining Eqs. (1), (4), and (9), we find that the CP
potential can be expanded as
UA(rA) = UA(rA) +
∞∑
k=1
∆kUA(rA), (11)
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where
UA(rA) =
~µ0
2π
∫ ∞
0
du u2αA(iu)TrG
(1)
(rA, rA, iu)
(12)
is the CP potential due to ε(r, ω), and
∆kUA(rA) =
(−1)k~µ0
2πc2k
×
∫ ∞
0
du u2k+2αA(iu)
[
k∏
j=1
∫
d3sj χ(sj , iu)
]
× Tr[G(rA, s1, iu) · G(s1, s2, iu) · · ·G(sk, rA, iu)] (13)
is the contribution to the potential that is of kth order in
χ(r, ω). The Born expansion of the CP potential as given
by Eqs. (11)–(13) can be used to (systematically) calcu-
late the potential in scenarios where a basic arrangement
of bodies for which the Green tensor is known is (weakly)
disturbed, e.g., by additional bodies or inhomogeneities
such as surface roughness.
Let us apply Eq. (11)–(13) to the case of arbitrar-
ily shaped, weakly dielectric bodies, so that we may let
ε(r, ω)≡ 1, and hence
UA(rA) =
∞∑
k=1
∆kUA(rA), (14)
where ∆kUA(rA) is given by Eq. (13), with
G(r, r′, iu) = GV(r, r
′, iu)
=
1
4π
[
I−
( c
u
)2
∇⊗∇
]
e−
uρ
c
ρ
=
1
3
( c
u
)2
δ(ρ)I+ HV(r, r
′, iu) (15)
being the vacuum Green tensor (see, e.g., Ref. [44]),
where
HV(r, r
′, iu) =
c2e−
uρ
c
4πu2ρ3
[
a
(uρ
c
)
I− b
(uρ
c
)
ρˆ⊗ ρˆ
]
, (16)
a(x) = 1 + x+ x2, (17)
b(x) = 3 + 3x+ x2 (18)
(ρ≡ r − r′; ρ≡ |ρ|; ρˆ≡ ρ/ρ). Combining Eqs. (13) and
(15) [together with Eqs. (16)–(18)], one easily finds that
to linear order in χ the CP potential reads
UA(rA) = ∆1UA(rA) = − ~
32π3ε0
∫ ∞
0
duαA(iu)
×
∫
d3s χ(s, iu)
g2(u|rA − s|/c)
|rA − s|6 , (19)
where
g2(x) = 2e
−2x(3 + 6x+ 5x2 + 2x3 + x4). (20)
In this approximation the CP force is simply a volume
integral over attractive central forces, as is seen from
∇
[
g2(ur/c)
r6
]
= − rˆ
r7
[
6g2(ur/c)− (ur/c)g′2(ur/c)
]
= −4rˆ
r7
[
e−2x(9+18x+16x2+8x3
+3x4+x5)
]
x=ur/c
(21)
(r≡ |r|, rˆ≡ r/r).
In the retarded (long-distance) limit, i.e.,
r− ≫ c
ω−A
, r− ≫ c
ω−M
, (22)
where r−≡ min{|rA−s| : χ(s) 6= 0} is the minimum dis-
tance of the atom to any of the bodies, ω−A ≡min{ωAn0|n
=1, 2, . . .} is the lowest atomic transition frequency, and
ω−M is the lowest resonance frequency of the dielectric
material, the exponential factor in g2(x) effectively lim-
its the u-integral in Eq. (19) to a region where
αA(iu) ≃ αA(0), χ(s, iu) ≃ χ(s, 0), (23)
so Eq. (19) reduces to
∆1UA(rA) = −~cαA(0)
32π3ε0
∫
d3s
χ(s, 0)
|rA − s|7
∫ ∞
0
dx g2(x)
= −23~cαA(0)
64π3ε0
∫
d3s
χ(s, 0)
|rA − s|7 . (24)
In the nonretarded (short-distance) limit, i.e.,
r+ ≪ c
ω+A
and/or r+ ≪ c
ω+M
, (25)
where r+ ≡ max{|rA − s| : χ(s) 6= 0} is the maximum
distance of the atom to any body part, ω+A≡max{ωAn0|n
=1, 2, . . .} is the highest atomic transition frequency, and
ω+M is the highest resonance frequency of the dielectric
material, the factors αA(iu) and χ(s, iu) effectively limit
the u-integral in Eq. (19) to a region where x=u|rA−s|/c
≪ 1, so we may set
g2(x) ≃ g2(0) = 6, (26)
resulting in
∆1UA(rA) = − 3~
16π3ε0
∫ ∞
0
duαA(iu)
∫
d3s
χ(s, iu)
|rA − s|6 .
(27)
The second-order contribution∆2UA(rA) can be sep-
arated into a single-point term and a two-point correla-
tion term,
∆2UA(rA) = ∆
1
2UA(rA) +∆
2
2UA(rA), (28)
as can be seen from Eqs. (13) and (15) for k = 2. The
single-point term
∆12UA(rA) =
~
96π3ε0
∫ ∞
0
duαA(iu)
×
∫
d3s χ2(s, iu)
g2(u|rA − s|/c)
|rA − s|6 , (29)
4 Stefan Yoshi Buhmann, Dirk-Gunnar Welsch
which arises from the δ-function in Eq. (15), differs from
the first-order contribution ∆1UA(rA) according to
χ(r, ω) 7→ −1
3
χ2(r, ω), (30)
hence its asymptotic retarded and nonretarded forms
can be obtained by applying the replacement (30) to
Eqs. (24) and (27), respectively.
The two-point correlation term is derived to be
∆22UA(rA) =
~
128π4ε0
∫ ∞
0
duαA(iu)
∫
d3s1 χ(s1, iu)
×
∫
d3s2 χ(s2, iu)
g3(u,α,β,γ)
α3β3γ3
, (31)
where
g3(u,α,β,γ) = e
−u(α+β+γ)/c
[
3a
(uα
c
)
a
(uβ
c
)
a
(uγ
c
)
− b
(uα
c
)
a
(uβ
c
)
a
(uγ
c
)
− a
(uα
c
)
b
(uβ
c
)
a
(uγ
c
)
− a
(uα
c
)
a
(uβ
c
)
b
(uγ
c
)
+ b
(uα
c
)
b
(uβ
c
)
a
(uγ
c
)
(αˆ·βˆ)2
+ a
(uα
c
)
b
(uβ
c
)
b
(uγ
c
)
(βˆ ·γˆ)2
+ b
(uα
c
)
a
(uβ
c
)
b
(uγ
c
)
(γˆ ·αˆ)2
− b
(uα
c
)
b
(uβ
c
)
b
(uγ
c
)
(αˆ·βˆ)(βˆ ·γˆ)(γˆ ·αˆ)
]
, (32)
with the abbreviations
α ≡ rA − s1, α ≡ |α|, αˆ ≡ α
α
, (33)
β ≡ s1 − s2, β ≡ |β|, βˆ ≡ β
β
, (34)
γ ≡ s2 − rA, γ ≡ |γ|, γˆ ≡ γ
γ
(35)
having been introduced [recall Eqs. (17) and (18)]. Note
that the two-point contribution to the CP force, Eq. (31),
is a double spatial integral, the integrand of which can
be attractive or repulsive, depending on the angles in the
triangle formed by the vectors α, β, and γ.
In the retarded limit, where the inequalities (22)
hold, the u-integral is again effectively limited to a re-
gion where the approximations (23) are valid, so Eq. (31)
reduces to
∆22UA(rA) =
~αA(0)
128π4ε0
∫
d3s1 χ(s1, 0)
×
∫
d3s2
χ(s2, 0)
α3β3γ3
∫ ∞
0
du g3(u,α,β,γ). (36)
We introduce the notation
σi ≡ αi + βi + γi, i = 1, 2, 3 (37)
and perform the u-integral with the aid of the relation∫ ∞
0
du
(u
c
)j
e−uσ1/c =
j! c
σj+11
. (38)
Exploiting the triangle formula
T ≡ 1−(αˆ·βˆ)2−(βˆ ·γˆ)2−(γˆ ·αˆ)2+2(αˆ·βˆ)(βˆ ·γˆ)(γˆ ·αˆ)
= 0 (39)
[which is a trivial consequence of Eqs. (33)–(35)] by
adding the expression
6T +
6T
σ61
{[
α5(β + γ) + β5(γ + α) + γ5(α+ β)
]
+ 7
[
α4(β2 + γ2) + β4(γ2 + α2) + γ4(α2 + β2)
]
+ 12(α3β3 + β3γ3 + γ3α3) + 12αβγ(α3 + β3 + γ3)
+ 52αβγ
[
αβ(α + β) + βγ(β + γ) + γα(γ + α)
]
+ 138α2β2γ2
}
(40)
to Eq. (36), the result may be written in the form
∆22UA(rA) =
~cαA(0)
32π4ε0
∫
d3s1 χ(s1, 0)
∫
d3s2
× χ(s2, 0)
α3β3γ3(α+β+γ)
[
f1(α, β, γ) + f2(γ, α, β)(αˆ·βˆ)2
+ f2(α, β, γ)(βˆ ·γˆ)2 + f2(β, γ, α)(γˆ ·αˆ)2
+ f3(α, β, γ)(αˆ·βˆ)(βˆ ·γˆ)(γˆ ·αˆ)
]
, (41)
where
f1(α, β, γ) =
9− 39σ2
σ21
+ 22
σ3
σ31
+ 54
σ22
σ41
− 65σ2σ3
σ51
+ 20
σ23
σ61
, (42)
f2(α, β, γ) = 3
[
α2
σ21
+
3α2(β + γ)
σ31
+
4βγ(3α2 − βγ)
σ41
− 20αβ
2γ2
σ51
]
, (43)
f3(α, β, γ) =
− 1− 39σ2
σ21
+ 17
σ3
σ31
+ 72
σ22
σ41
− 75σ2σ3
σ51
+ 20
σ23
σ61
(44)
[recall Eqs. (33)–(35) as well as Eq. (37)].
In the nonretarded limit, where the inequalities (25)
hold, the u-integral in Eq. (31) is effectively limited to a
region where
g3(u,α,β,γ) ≃ g3(0,α,β,γ)
= 3
[
1− 3(αˆ·βˆ)(βˆ ·γˆ)(γˆ ·αˆ)] (45)
[recall Eq. (39); note that max{|s1 − s2| : χ(s1) 6= 0,
χ(s2) 6= 0} ≤ 2max{|rA − s| : χ(s) 6= 0}], so Eq. (31)
reduces to
∆22UA(rA) =
3~
128π4ε0
∫ ∞
0
duαA(iu)
∫
d3s1 χ(s1, iu)
×
∫
d3s2 χ(s2, iu)
1− 3(αˆ·βˆ)(βˆ ·γˆ)(γˆ ·αˆ)
α3β3γ3
(46)
[recall Eq. (33)–(35)].
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3 Relation to microscopic many-atom van der
Waals forces
In order to gain insight into the microscopic origin of
the CP potential as given by Eq. (1), let us suppose
that the susceptibility χ(r, ω) is due to a collection of
atoms of polarizability αB(ω) and apply the well-known
Clausius-Mosotti formula (see, e.g., Ref. [45])
χ(r, ω) =
ε−10 n(r)αB(ω)
1− 13ε−10 n(r)αB(ω)
, (47)
where n(r) is the number density of the (medium) atoms
[n(r) = 0 for r= rA]. Since χ(r, ω) is the Fourier trans-
form of a (linear) response function, it must satisfy the
condition
χ(r, 0) > χ(r, iu) > 0 for u > 0, (48)
which, with respect to Eq. (47), implies that the inequal-
ity
1
3ε
−1
0 n(r)αB(iu) < 1 (49)
must hold. Substituting the susceptibility from Eq. (47)
into the Born series of the CP potential UA(rA) as given
by Eqs. (11)–(13), taking into account that the Green
tensor G(r, r′, iu) can be decomposed as
G(r, r′, iu) =
1
3
( c
u
)2
δ(ρ)I+ H(r, r′, iu) (50)
[recall Eqs. (8) and (15)], and recalling the inequality
(49), it can be shown after some lengthy calculation
that the Born series can be rewritten as an expansion
of UA(rA) in terms of many-atom interaction potentials
UAB...B(rA, s1, . . . , sl) (see App. A),
UA(rA) = UA(rA)
+
∞∑
l=1
1
l!
[
l∏
j=1
∫
d3sj n(sj)
]
UAB...B(rA, s1, . . . , sl),
(51)
where
UAB...B(r1, . . . , rl+1)
=
(−1)l~µl+10
(1 + δ1l)π
∫ ∞
0
du u2l+2αA(iu)α
l
B(iu)
× STr[H(r1, r2, iu) · · ·H(rl+1, r1, iu)]. (52)
Here the symbol S introduces symmetrization with re-
spect to r1, . . . , rl+1 according to the rule
STr[H(r1, r2, ω) · · ·H(rj , r1, ω)]
=
∑
π∈P (j)
Tr
[
H(rπ(1), rπ(2), ω) · · ·H(rπ(j), rπ(1), ω)
]
. (53)
The sum in Eq. (53) runs over the maximal number of
j!/ [(2− δ2j)j] permutations π ∈ P (j) P (j) [P (j) be-
ing the permutation group of the numbers 1, . . . , j] that
cannot be obtained from one another via (a) a cyclic per-
mutation or (b) the reverse of a cyclic permutation (cf.
App. A). The potential UAB...B(r1, . . . , rl+1) is nothing
but the (microscopic) vdW potential describing the mu-
tual interaction of a (test) atom A at position r1 and l
(medium) atoms at different positions r2, . . . rl+1.
The very general equation (1), which follows from
QED in causal media, gives the CP potential of an atom
in the presence of macroscopic dielectric bodies in terms
of the atomic polarizability and the (scattering) Green
tensor of the body-assisted Maxwell field, with the bod-
ies being characterized by a spatially varying dielectric
susceptibility that is a complex function of frequency.
Equation (51) clearly shows that when the susceptibil-
ity is of Clausius-Mosotti type, i.e., Eq. (47) [together
with the inequality (49)] applies, then the CP potential
is in fact the result of a superposition of all possible mi-
croscopic many-atom vdW potentials between the atom
under consideration and the atoms forming the bodies.
Note that for the vacuum case, ε(r, ω) ≡ 1, a similar
conclusion has been drawn by combining normal mode
quantization with the Ewald-Oseen extinction theorem
[38]. Moreover, from the derivation given in App. A it
can be seen that when Eqs. (51) and (52) [together with
the inequality (49)] hold, then the susceptibility must
necessarily have the form of Eq. (47).
From the above it is clear that in order to estab-
lish the identity (51) to all orders in αB , it is crucial to
employ the exact relation (47) between macroscopic sus-
ceptibility and microscopic atomic polarizability rather
than its linearized version χ(r, ω)=ε−10 n(r)αB(ω), which
is is known to be sufficient for finding a correspondence
between macroscopic and microscopic potentials to lin-
ear order in χ (or αB, respectively) [5,30,31,32,33]. It
should be pointed out that in more general cases where
the susceptibility is not of the form (47) the result of ap-
plying the Born expansion cannot be disentangled into
spatial integrals over microscopic vdW potentials in the
way given by Eq. (51) together with Eq. (52). Obviously,
the basic constituents of the bodies can no longer be ap-
proximated by well localized atoms.
According to Eq. (7), the expansion in Eq. (51) does
not necessarily refer to all bodies. Hence from Eq. (52)
it follows that the many-atom vdW potential on an ar-
bitrary dielectric background described by ε(r, ω) reads
UA1...Aj (r1, . . . , rj)
=
(−1)j−1~µj0
(1 + δ2j)π
∫ ∞
0
du u2jαA1(iu) · · ·αAj (iu)
× STr[H(r1, r2, iu) · · ·H(rj , r1, iu)], (54)
the derivation being unique when requiring the vdW
potentials to be fully symmetrized. In particular, for
j = 2 [where j!/[(2− δ2j)j] = 1, so the sum in the r.h.s
of Eq. (53) contains only one term and symmetrization
is not necessary], Eq. (54) agrees with the result that
can be found by calculating the change in the zero-point
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energy of the system in leading-order perturbation the-
ory [46]. In the simplest case of vacuum background, i.e.,
ε(r, ω)≡ 1, H in Eq. (54) becomes HV [recall Eqs. (16)–
(18)], leading to agreement with earlier results [41,42].
Bearing in mind the general relation (51) between
the CP potential and many-atom vdW potentials, ex-
plicit expressions for the two- and three-atom vdW po-
tentials on vacuum background can easily be obtained
from formulas given in Sec. 2 together with Eq. (47).
From Eqs. (19), (24), and (27) one can infer the well-
known result [6]
UAB(r1, r2)
= − ~
32π3ε20r
6
∫ ∞
0
du g2(ur/c)αA(iu)αB(iu) (55)
(r≡ |r1 − r2|), recall Eq. (20), which reduces to
UAB(r1, r2) = −23~cαA(0)αB(0)
64π3ε20r
7
(56)
in the retarded limit,
r− ≫ c
ω−
, (57)
with r−≡ r and ω−≡min{ω−A , ω−B }, and to
UAB(r1, r2) = − 3~
16π3ε20r
6
∫ ∞
0
duαA(iu)αB(iu) (58)
in the nonretarded limit,
r+ ≪ c
ω+
, (59)
with r+≡ r and ω+≡max{ω+A , ω+B}.
Similarly, Eq. (31) implies that
UABC(r1, r2, r3) =
~
64π4ε30r
3
12r
3
23r
3
31
∫ ∞
0
du
× αA(iu)αB(iu)αC(iu)g3(u, r12, r23, r31) (60)
(rij ≡ ri − rj , rij ≡ |rij | for i, j=1, 2, 3), recall Eq. (32),
in agreement with the result found in Refs. [40,41,42].
Equations (41) and (46) show that Eq. (60) simplifies to
UABC(r1, r2, r3) =
~cαA(0)αB(0)αC(0)
16π4ε30r
3
12r
3
23r
3
31(r12+r23+r31)
×[f1(r12, r23, r31)+f2(r31, r12, r23)(rˆ12 ·rˆ23)2
+f2(r12, r23, r31)(rˆ23 ·rˆ31)2+f2(r23, r31, r12)(rˆ31 ·rˆ12)2
+f3(r12, r23, r31)(rˆ12 ·rˆ23)(rˆ23 ·rˆ31)(rˆ31 ·rˆ12)
]
(61)
[rˆij ≡ rij/rij , recall Eq. (37) and Eqs. (42)–(44)] in the
retarded limit [Eq. (57) with r− ≡ min{r12, r23, r31}
and ω−≡min{ω−A , ω−B , ω−C}], and reduces to the Axilrod-
Teller potential [39]
UABC(r1, r2, r3)
=
3~
[
1− 3(rˆ12 ·rˆ23)(rˆ23 ·rˆ31)(rˆ31 ·rˆ12)
]
64π4ε30r
3
12r
3
23r
3
31
×
∫ ∞
0
duαA(iu)αB(iu)αC(iu) (62)
PSfrag replacements
zA
r0
pia2
ρA
Fig. 1 An atom near a dielectric ring (schematic picture).
in the nonretarded limit [Eq. (59) with r+ ≡ max{r12,
r23, r31} and ω+≡max{ω+A , ω+B , ω+C}].
4 Application to specific geometries
4.1 Dielectric ring
Let us use the Born series given in Sec. 2 to calculate
the (leading contributions to the) CP potential for some
specific geometries and begin with a ground-state atom
placed on the symmetry axis of a homogeneous dielec-
tric ring of susceptibility χ(ω), having radius r0, (circu-
lar) cross section πa2 (where a≪ r0), and volume V =
2π2r0a
2, the atom being separated from the center of the
ring by a distance zA (Fig. 1). From Fig. 1 we see that
|rA − s| ≃
√
z2A + r
2
0 ≡ ρA for a≪ r0, so an evaluation
of the (trivial) volume integral in Eq. (19) results in the
first-order CP potential
∆1UA(ρA)
= − ~V
32π3ε0ρ6A
∫ ∞
0
duαA(iu)χ(iu)g2(uρA/c), (63)
which is attractive, as expected. In the retarded limit
[Eq. (22) with r−= ρA] Eq. (63) reduces to
∆1UA(ρA) = −23~cV αA(0)χ(0)
64π3ε0ρ7A
(64)
[cf. Eq. (24)], while in the nonretarded limit [Eq. (25)
with r+ = ρA] one easily finds
∆1UA(ρA) = − 3~V
16π3ε0ρ6A
∫ ∞
0
duαA(iu)χ(iu) (65)
[cf. Eq. (27)]. In both limiting cases the CP potential
thus reduces to simple asymptotic power laws in ρA,
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where as usual the leading (inverse) power is increased
by one when going from the nonretarded to the retarded
limit.
The first (single point) second-order correction term
∆12UA(ρA) can simply be obtained from Eqs. (63)–(65)
by means of the replacement (30), while the calculation
of the second (two-point) term ∆22UA(ρA) is a lot more
difficult due to the factor |s1− s2|. We find (see App. B)
∆22UA(ρA) =
(0.05± 0.02)~cV αA(0)χ2(0)
π3ε0ρ7A
(66)
in the retarded limit and
∆22UA(ρA) =
(0.08± 0.03)~V
π3ε0ρ6A
∫ ∞
0
duαA(iu)χ
2(iu)
(67)
in the nonretarded limit. Recalling Eqs. (28) and (30),
Eqs. (64) and (66) imply that up to quadratic order in
χ we have
UA(ρA) = −23~cV αA(0)χ(0)
64π3ε0ρ7A
[
1− (0.47± 0.05)χ(0)
]
(68)
in the retarded limit, while Eqs. (65) and (67) show that
in the nonretarded limit
UA(ρA) = − 3~V
16π3ε0ρ6A
×
∫ ∞
0
duαA(iu)χ(iu)
[
1− (0.77± 0.17)χ(iu)
]
. (69)
The uncertainty in the magnitude of the contribution
quadratic in χ is due to the approximations made when
calculating ∆22U(ρA) (cf. App. B). However, irrespective
of these approximations, Eqs. (68) and (69) show that
the leading non-additive correction∆22UA(ρA) to the lin-
ear result ∆1UA(ρA) does not change the powers in the
asymptotic retarded and nonretarded distance laws (ρ−7A
and ρ−6A , respectively), but merely modifies the constants
of proportionality. A similar result has been found when
studying a dielectric half space [24].
4.2 Many-body decomposition
The explicit evaluation of multiple spatial integrals [be-
ing the main difficulty when evaluating ∆22U(rA)] can in
fact be avoided in many cases by an appropriate decom-
position of the body of interest, as shall be demonstrated
in the following. To that end, let us decompose the body
described by χ(r, ω) [recall Eq. (7)] into smaller bodies
numbered by n, so that
χ(r, ω) =
∑
n
χn(r, ω)1Vn(r), (70)
where
1Vn(r) =
{
1 for r ∈ Vn,
0 for r /∈ Vn. (71)
Substituting Eqs. (70) and (71) into Eq. (13), and slight-
ly rearranging the terms, we obtain
∆kUA(rA) =
k∑
l=1
∆lkUA(rA), (72)
where
∆lkUA(rA) =
∑
n1<...<nl
∆lkU
n1...nl
A (rA) (73)
with
∆lkU
n1...nl
A (rA) =
∑
(m1,...,mk)∈Ikn1...nl
Wm1...mkA (rA) (74)
is the sum of all l-body contributions of order k in χ. In
Eq. (74),
Wm1...mkA (rA) =
(−1)k~µ0
2πc2k
×
∫ ∞
0
du u2k+2αA(iu)
[
k∏
j=1
∫
Vmj
d3sj χmj (sj , iu)
]
× Tr[G(rA, s1, iu) · G(s1, s2, iu) · · ·G(sk, rA, iu)], (75)
and the notation
Ikn1...nl
=
{
(m1, . . . ,mk) ∈ {n1, . . . , nl}k| ∀i ∃j : mj = ni
}
(76)
is used.
In particular, to linear order in χ we have
∆1UA(rA) = ∆
1
1UA(rA) =
∑
n
∆11U
n
A(rA)
=
∑
n
WnA(rA), (77)
so the CP potential is additive in this order. For the term
quadratic in χ, Eqs. (72)–(74) together with Eq. (76)
reduce to
∆2UA(rA) = ∆
1
2UA(rA) +∆
2
2UA(rA)
=
∑
n
∆12U
n
A(rA) +
∑
m<n
∆22U
mn
A (rA)
=
∑
n
WnnA (rA) +
∑
m<n
[
WmnA (rA) +W
nm
A (rA)
]
.
(78)
Obviously, the second term on the r.h.s. of Eq. (78) is
the (overall) two-body contribution to the CP potential
up to quadratic order in χ. It can be regarded as being
the leading correction to the additivity of the potential.
Clearly, the expansion can in principle be extended to
arbitrarily high orders in χ, whereby k-body interactions
first appear at kth order in χ. In particular, Eqs. (77)
and (78) generalize the result that up to linear order
8 Stefan Yoshi Buhmann, Dirk-Gunnar Welsch
in χ the CP potential of an atom near a homogeneous
semi-infinite dielectric half space can be written as an
(infinite) sum of thin-layer potentials [23], whereas the
contribution quadratic in χ also contains two-layer terms
leading to a breakdown of additivity [24].
To illustrate the application of Eqs. (72)–(76) to the
calculation of the CP potential of complex bodies via
decomposition into simpler bodies, let us consider an
atom at position −zA (zA> 0) near a semi-infinite half
space filled with a stratified dielectric medium, i.e.
ε(r, ω) = 1 + χ(ω)p(z), (79)
where p(z) is some profile function [p(z) ≥ 0 for z ≥ 0,
p(z) = 0 for z < 0], which may be normalized such that
max p(z)= 1. We decompose the half space into a set of
thin slices of equal thickness d such that
dmax{p′(z)|z > 0} ≪ 1. (80)
From Eq. (77) it follows that ∆11UA(zA) is given by the
sum over the slices, which for d≪ zA contribute
∆11U
n
A(zA) = −
~µ0d
4π2
∫ ∞
0
du u2αA(iu)
∫ ∞
0
dq q
× e−2b(zA+nd)
[(
bc
u
)2
− 1 + 1
2
(
u
bc
)2]
χ(iu)p(nd), (81)
where
b =
√
u2
c2
+ q2 (82)
(cf. Eq. (71) in Ref. [24]), so after turning the sum into
an integral one obtains
∆11UA(zA) = −
~µ0
4π2
∫ ∞
0
du u2αA(iu)χ(iu)
×
∫ ∞
0
dq qe−2bzAP (2b)
[(
bc
u
)2
− 1 + 1
2
(
u
bc
)2]
, (83)
where
P (x) =
∫ ∞
0
dz e−xzp(z) (84)
is the Laplace transform of the profile function p(z). In
a similar way, the results
∆12U
n
A(zA) =
~µ0d
4π2
∫ ∞
0
du u2αA(iu)
∫ ∞
0
dq q
× e−2b(zA+nd)
[
1
2
(
bc
u
)2
− 3
4
+
1
4
(
u
bc
)2]
χ2(iu)p(nd)
(85)
(cf. Eq. (74) in Ref. [24]) and
∆22U
mn
A (zA) =
~µ0d
2
2π2
∫ ∞
0
du u2αA(iu)
∫ ∞
0
dq qb
× e−2b(zA+nd)
[
1
2
− 1
2
(
u
bc
)2
+
1
4
(
u
bc
)4]
× χ(iu)p(md)χ(iu)p(nd) (86)
(cf. Eq. (75) in Ref. [24]) can be derived, leading to
∆12UA(zA) =
~µ0
4π2
∫ ∞
0
du u2αA(iu)χ
2(iu)
×
∫ ∞
0
dq qe−2bzAP (2b)
[
1
2
(
bc
u
)2
− 3
4
+
1
4
(
u
bc
)2]
(87)
and
∆22UA(zA) =
~µ0
2π2
∫ ∞
0
du u2αA(iu)χ
2(iu)
×
∫ ∞
0
dq qbe−2bzA
[
1
2
− 1
2
(
u
bc
)2
+
1
4
(
u
bc
)4]
×
∫ ∞
0
dz p(z)
∫ ∞
z
dz′ e−2bz
′
p(z′), (88)
respectively. Hence the CP potential of the inhomoge-
neous half space up to quadratic order of χ has been
calculated from the known CP potentials of one and two
thin plates of constant permittivities. Needless to say
that the method can be carried out to higher orders of
χ and can also be applied to other than planar systems.
To give an example, we consider a dielectric medium
whose permittivity oscillates in the z direction,
ε(r, ω) = 1 + χ(ω) cos2(kzz)Θ(z) (89)
[Θ(z), unit step function]. Using Eqs. (83), (87), and
(88), we find that up to quadratic order in χ the CP
potential takes the asymptotic form (see App. C)
UA(zA) = − 1
z4A
{
∆1C4F3(kzzA)
+∆2C4
[
126
169F3(kzzA) +
43
169H3(kzzA)
]}
(90)
in the retarded limit [Eq. (22) with r−= zA] and
UA(zA) = − (∆1C3 +∆2C3)F2(kzzA)
z3A
(91)
in the nonretarded limit [Eq. (25) with r+ = zA]. Here,
∆1C4 =
23~cαA(0)χ(0)
640π2ε0
, (92)
∆2C4 = − 169~cαA(0)χ
2(0)
8960π2ε0
, (93)
∆1C3 =
~
32π2ε0
∫ ∞
0
duαA(iu)χ(iu) , (94)
∆2C3 = − ~
64π2ε0
∫ ∞
0
duαA(iu)χ
2(iu) (95)
are just the linear and and quadratic expansions of the
well-known coefficients for the homogeneous half space
in the retarded and nonretarded limits [where UA(zA)
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Fig. 2 The CP potential of a ground-state atom in front of a
half space with oscillating susceptibility in the retarded limit
is displayed as a function of the distance zA, where kzc/ω
−
A
→∞ (upper solid line), kzc/ω
−
A
=4 (dashed line), kzc/ω
−
A
=
2 (dash-dotted line), kzc/ω
−
A
= 1 (dotted line), kzc/ω
−
A
→ 0
(lower solid line), χ(0)= 1
2
.
=−C4/z4A, and U(zA)=−C3/z3A, respectively], and the
structure functions
Fj(x) =
2j
j!
∫ ∞
0
dt tje−2t
2t2 + x2
t2 + x2
, (96)
Hj(x) =
2j
j!
∫ ∞
0
dt tje−2t
2t6+8x2t4+5x4t2+2x6
(t2+x2)2(t2+4x2)
(97)
are normalized such that
Fj(x)→
{
1 for x→ 0,
1
2 for x→∞,
(98)
Hj(x)→
{
1 for x→ 0,
1
4 for x→∞.
(99)
Equations (90) and (91), respectively, are illustrated
in Figs. 2 and 3. It is seen that the potential curves for
different values of kz lie between the two solid curves that
correspond to the limiting cases kz→∞ (upper curves)
and kz→ 0 (lower curves, which represent the potential
observed in the case of the respective homogeneous half
space). From Eqs. (90), (91), and (98) it follows that the
upper-curve potential values obtained in linear order of
χ are 1/2 times the lower-curve ones, which reflects the
fact that for kz →∞ the potential in linear order of χ
is simply determined by the average permittivity ε(r, ω)
≃ 1 + 12χ(ω)Θ(z), cf. Eq. (89). The factor found for the
quadratic-order term is equal to 1/2 in the non-retarded
limit [cf. Eqs. (91) and (98)], but equal to 295/676 in the
retarded limit [cf. Eqs. (90), (98), and (99)], owing to the
influence of the two-plate term ∆22UA(zA). Note that the
curves for the intermediate values of kz approach the up-
per limiting curve for large values of zA and the lower
limiting curve for small values of zA, the potentials thus
being (near zA ≃ k−1z ) somewhat steeper than z−4A and
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Fig. 3 The CP potential of a ground-state atom in front
of a half space with oscillating susceptibility in the non-
retarded limit is displayed as a function of the distance zA,
where kzc/ω
+
A
→∞ (upper solid line), kzc/ω
+
A
= 20 (dashed
line), kzc/ω
+
A
=6 (dash-dotted line), kzc/ω
+
A
=2 (dotted line),
kzc/ω
−
A
→ 0 (lower solid line).
z−3A —the power laws observed in the case of a homoge-
neous half space. By controlling kz , one can therefore
control the shape of the potentials.
5 Summary
Within leading-order perturbation theory, the CP po-
tential of a ground-state atom near dielectric bodies can
be expressed in terms of the atomic polarizability and
the scattering Green tensor of the body-assisted electro-
magnetic field, where the bodies are characterized by a
spatially varying dielectric susceptibility that is a com-
plex function of frequency. Starting from this very gen-
eral formula, we have performed a Born expansion of the
Green tensor to obtain an expansion of the CP potential
in powers of the electric susceptibility. The expansion
shows that only in linear order the CP force is a sum
of attractive central forces, while higher-order terms are
unavoidably connected to multiple-point correlations in
the dielectric matter, leading to a breakdown of additiv-
ity.
Using the Born series, we have shown that when the
dielectric bodies can be described by a susceptibility of
Clausius-Mosotti type, i.e., when the basic constituents
can be regarded as atom-like, then the CP potential is
the (infinite) sum of all microscopic many-atom vdW
potentials between the atom under consideration and the
atoms forming the bodies. As a by-product, a general
formula for the many-atom vdW potential of arbitrary
order and on an arbitrary background of dielectric bodies
has been found, which generalizes previous results found
for atoms in vacuum.
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Apart from being useful for making contact with mi-
croscopic descriptions of the CP force, the Born series
can also be used for practical calculations, particularly
when the Green tensor is not available in closed form. We
have employed two strategies. (i) By direct evaluation of
multiple spatial integrals, we have determined the at-
tractive CP potential of a weakly dielectric ring, finding
asymptotic 1/ρ7A and 1/ρ
6
A power laws in the retarded
and the nonretarded limits, respectively. (ii) By reduc-
tion to simpler bodies with known CP potentials, we
have derived expressions for the CP potential of an atom
placed in front of an inhomogeneous stratified half space,
with special emphasis on an oscillating susceptibility. In
this case the potential exhibits—for distances compara-
ble to the oscillation period—a somewhat stronger power
law than in the case of a homogeneous half space.
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A Derivation of the expansion in terms of
many-atom vdW potentials [Eq. (51)]
As a preparation, we derive the symmetrization (53).
The completely symmetrized form of a many-atom po-
tential is given by
Sf(r1, . . . , rj) ≡ 1
(2− δ2j)j
∑
π∈P (j)
f(rπ(1), . . . , rπ(j)),
(100)
where P (j) denotes the permutation group of the num-
bers 1, . . . , j and 1/(2 − δ2j)j is a normalization factor.
As a trivial consequence of the cyclic property of the
trace as well as the symmetry property of the Green
tensor [44]
G(r, r′, ω) = G⊤(r′, r, ω) (101)
together with Eq. (50) one easily finds that
Tr
[
H(r1, r2, ω) · · ·H(rj , r1, ω)
]
= Tr
[
H(rπ(1), rπ(2), ω) · · ·H(rπ(j), rπ(1), ω)
]
(102)
if π is either a cyclic permutation [e.g., π(1)=2, π(2)=3,
. . . , π(j)=1] or the reverse of a cyclic permutation [e.g.,
π(1)= j, π(2)= j − 1, . . . , π(j) = 1]. With f(r1, . . . , rj)
being given by the l.h.s. of Eq. (102), the sum on the
r.h.s. of Eq. (100) contains classes of (2 − δ2j)j terms
that give the same result (note that for j =2 the cyclic
permutation and its reverse coincide, so we have only j
instead of 2j terms in the class). By forming a set P (j) 
P (j) containing exactly one representative of each class
(where obviously P (j) has j!/ [(2−δ2j)j] members), the
sum can thus be simplified, leading to Eq. (53).
With this preparation at hand, we may derive Eq.
(51) [together with Eqs. (52) and (53)] by following these
steps: We substitute Eqs. (47) and (50) into Eq. (13),
multiply out and perform all spatial integrals over delta
functions, where only terms of the form δ(sj−sj+1) con-
tribute [terms of the form δ(rA−sj) giving zero integrals,
because of n(rA) = 0, cf. the remark below Eq. (47)].
After renaming the remaining integration variables ac-
cording to[
l∏
j=1
∫
d3sj n(sj)
]
f(s1, . . . , sl)
=
1
l!
∑
π∈P (l)
[
l∏
j=1
∫
d3sj n(sj)
]
f(sπ(1), . . . , sπ(l)), (103)
the result may be written in the form
∆kUA(rA) =
k∑
l=1
∆lkUA(rA), (104)
with
∆lkUA(rA) =
1
l!
∫ ∞
0
du
[
l∏
j=1
∫
d3sj n(sj)
1− 13ε−10 n(sj)αB(ω)
]
×
∑
η1≥0,...,ηl≥0
η1+...+ηl=k−l
qη1(s1, iu) · · · qηl(sl, iu)
× UAB...B(rA, s1, . . . , sl, iu), (105)
where each power of the factor
q(r, ω) =
− 13ε−10 n(r)αB(ω)
1− 13ε−10 n(r)αB(ω)
(106)
is due to the integration of one term containing δ(sj −
sj+1), and ∫ ∞
0
duUAB...B(r1, . . . , rl+1, iu)
= UAB...B(r1, . . . , rl+1), (107)
recall Eq. (52). Summing Eq. (104) over k, and rearrang-
ing the double sum, we find
∞∑
k=1
∆kUA(rA) =
∞∑
k=1
k∑
l=1
∆lkUA(rA) =
∞∑
l=1
∆lUA(rA),
(108)
where
∆lUA(rA) =
1
l!
∫ ∞
0
du
[
l∏
j=1
∫
d3sj
× n(sj)
1− 13ε−10 n(sj)αB(iu)
∞∑
ηj=0
qηj (sj , iu)
]
× UAB...B(rA, s1, . . . , sl, iu). (109)
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After performing the geometric sums
∞∑
j=0
qj(r, ω) = 1− 13ε−10 n(r)αB(ω), (110)
cf. Eq. (106), the denominators in Eq. (109) cancel, so by
recalling Eqs. (11), (107) and (108), we arrive at Eq. (51)
together with Eqs. (52) and (53).
B Calculation of the two-point correlation term
for the dielectric ring [Eqs. (66) and (67)]
An approximation to the two-point correlation term in
the retarded limit as given by Eq. (41)–(44) [together
with Eqs. (33)–(35) and Eq. (37)] in the case of the di-
electric ring can be obtained by replacing the variable
s1 by its average across the cross section of the ring
(|rA − s1| ≃ ρA for a≪ r0), evaluating the s1-integral,
and separating the s2-integral into two parts,
∆22UA(rA) =
~cV αA(0)χ
2(0)
32π4ε0
×
{∫ λa
−λa
dz
∫ a
0
dρ ρ
∫ 2π
0
dφ+ πa2
∫ 2π−λa/r0
λa/r0
r0dθ
}
× 1
α3β3γ3(α+β+γ)
[
f1(α, β, γ) + f2(γ, α, β)(αˆ·βˆ)2
+ f2(α, β, γ)(βˆ ·γˆ)2 + f2(β, γ, α)(γˆ ·αˆ)2
+ f3(α, β, γ)(αˆ·βˆ)(βˆ ·γˆ)(γˆ ·αˆ)
]
≡ ∆2,c2 UA(rA) +∆2,r2 UA(rA) (111)
where the integral in ∆2,c2 UA(rA) extends over an ap-
proximately cylindrical volume of cross section πa2 and
length 2λa, and that in ∆2,r2 UA(rA) extends over the
volume of the remaining open ring.
For the integral in ∆2,c2 UA(rA), we may approximate
α = γ ≃ ρA, β ≃
√
z2 + ρ2,
αˆ·βˆ = −βˆ·γˆ ≃ ρ cos(φ)√
z2 + ρ2
, γˆ ·αˆ ≃ −1 (112)
for a≪ r0, and Eqs. (42)–(44) [recall Eq. (37)] simplify
to
f1(α, β, γ) ≃ 13
8
, f2(α, β, γ) = f2(γ, α, β) ≃ 15
8
,
f2(β, γ, α) ≃ −3
4
, f3(α, β, γ) ≃ −51
8
. (113)
Substituting Eqs. (112) and (113) into Eq. (111), carry-
ing out the φ-integral, and using∫ λa
−λa
dz
∫ a
0
dρ ρ
2z2 − ρ2√
z2 + ρ2
5 =
2λ√
1 + λ2
, (114)
one may find
∆2,c2 UA(rA) =
7~cV αA(0)χ
2(0)
256π3ε0ρ7A
× λ√
1 + λ2
. (115)
For the integral in ∆2,r2 UA(rA), the approximations
α = γ ≃ ρA, β ≃ 2r0| sin(θ/2)|,
αˆ·βˆ = βˆ ·γˆ ≃ −r0| sin(θ/2)|
ρA
,
γˆ ·αˆ ≃ 2r
2
0 sin
2(θ/2)
ρ2A
− 1 (116)
are valid for a≪ r0. Inspection of Eq. (111) shows that
the leading term in (a/r0) of ∆
2,r
2 UA(rA) is due to the
factor β3∝ sin3(θ/2) in the denominator of the integrand
[cf. Eq. (118) below], and comes from regions where
sin(θ/2)≪1. Hence we may apply a Taylor expansion in
powers of sin(θ/2), retaining only
f1(α, β, γ) ≃ 13
8
, f2(β, γ, α) ≃ −3
4
. (117)
Substituting Eqs. (116) and (117) into Eq. (111), and
performing the θ-integral using∫ 2π−λa/r0
λa/r0
dθ
| sin3(θ/2)| = 8
( r0
λa
)2
+ o
[
ln(λa/r0)
]
, (118)
eventually leads to
∆2,r2 UA(rA) =
7~cV αA(0)χ
2(0)
512π3ε0ρ7A
× 1
λ2
, (119)
so that
∆22UA(rA) =
7~cV αA(0)χ
2(0)
512π3ε0ρ7A
× f(λ), (120)
where
f(λ) =
1
λ2
+
2λ√
1 + λ2
(121)
[recall Eq. (115)]. Note that the approximations made
for calculating ∆2,c2 UA(rA) break down for large λ while
those made for calculating ∆2,r2 UA(rA) break down for
small λ. We put
f(λ) 7→ 12
[
max
0.5≤λ≤1.5
f(λ) + min
0.5≤λ≤1.5
f(λ)
]
± 12
[
max
0.5≤λ≤1.5
f(λ)− min
0.5≤λ≤1.5
f(λ)
]
= 3.5± 1.4, (122)
in Eq. (120), resulting in Eq. (66).
A similar procedure may be applied in the nonre-
tarded limit, where Eq. (46) leads to
∆22UA(rA) =
3~V
128π4ε0
∫ ∞
0
duαA(iu)χ
2(iu)
×
{∫ λa
−λa
dz
∫ a
0
dρ ρ
∫ 2π
0
dφ + πa2
∫ 2π−λa/r0
λa/r0
r0dθ
}
× 1− 3(αˆ·βˆ)(βˆ ·γˆ)(γˆ ·αˆ)
α3β3γ3
≡ ∆2,c2 UA(rA) +∆2,r2 UA(rA). (123)
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Use of Eqs. (112) and (114) leads to
∆2,c2 UA(ρA) =
3~V
64π3ε0ρ6A
∫ ∞
0
duαA(iu)χ
2(iu)
× λ√
1 + λ2
, (124)
while using Eq. (116), neglecting the term (αˆ · βˆ)(βˆ ·
γˆ)(γˆ · αˆ), and recalling Eq. (118), results in
∆2,r2 UA(ρA) =
3~V
128π3ε0ρ6A
∫ ∞
0
duαA(iu)χ
2(iu)× 1
λ2
.
(125)
Combining Eqs. (124) and (125) in accordance with
Eq. (123), we obtain
∆22UA(ρA) =
3~V
128π3ε0ρ6A
∫ ∞
0
duαA(iu)χ
2(iu)× f(λ) ,
(126)
which, in combination with Eq. (122), implies Eq. (67).
C Asymptotic power laws in the case of a half
space with oscillating susceptibility [Eqs. (90)
and (91)]
As a preparing step, we derive the linear and quadratic
expansions in χ of the coefficients
C4 =
3~cαA(0)
64π2ε0
∫ ∞
1
dv
{
[χ(0) + 1]v −
√
χ(0) + v2
[χ(0) + 1]v +
√
χ(0) + v2
×
(
2
v2
− 1
v4
)
− v −
√
χ(0) + v2
v +
√
χ(0) + v2
× 1
v4
}
=∆1C4 +∆2C4 + . . . (127)
and
C3 =
~
16π2ε0
∫ ∞
0
du αA(iu)
χ(iu)
χ(iu) + 2
=∆1C3 +∆2C3 + . . . , (128)
that can be found for the retarded and nonretarded dis-
tance laws of the homogeneous half space [23]. Substi-
tuting
[χ(0) + 1]v −
√
χ(0) + v2
[χ(0) + 1]v +
√
χ(0) + v2
=
[
1
2
− 1
4v2
]
χ(0)−
[
1
4
− 1
8v2
]
χ2(0) + . . . , (129)
v −
√
χ(0) + v2
v +
√
χ(0) + v2
= − 1
4v2
χ(0) +
1
8v4
χ2(0) + . . . (130)
into Eq. (127) and carrying out the remaining v-integral,
we arrive at Eqs. (92) and (93), while Eq. (128) implies
Eqs. (94) and (95).
The spatial integrals in Eqs. (83) [recall Eq. (84)],
(87) and (88) can be carried out explicitly for p(z) =
cos2(kzz),
∫ ∞
0
dz e−2bz cos2(kzz) =
2b2 + k2z
4b(b2 + k2z)
, (131)∫ ∞
0
dz cos2(kzz)
∫ ∞
z
dz′ e−2bz
′
cos2(kzz
′)
=
2b6 + 8b4k2z + 5b
2k4z + 2k
6
z
8b2(b2 + k2z)
2(b2 + 4k2z)
, (132)
resulting in
∆11UA(zA) = −
~µ0
16π2
∫ ∞
0
du u2αA(iu)χ(iu)
∫ ∞
0
dq
q
b
× e−2bzA 2b
2 + k2z
b2 + k2z
[(
bc
u
)2
− 1 + 1
2
(
u
bc
)2]
, (133)
∆12UA(zA) =
~µ0
16π2
∫ ∞
0
du u2αA(iu)χ
2(iu)
∫ ∞
0
dq
q
b
× e−2bzA 2b
2 + k2z
b2 + k2z
[
1
2
(
bc
u
)2
− 3
4
+
1
4
(
u
bc
)2]
, (134)
∆22UA(zA) =
~µ0
16π2
∫ ∞
0
du u2αA(iu)χ
2(iu)
∫ ∞
0
dq
q
b
× e−2bzA 2b
6 + 8b4k2z + 5b
2k4z + 2k
6
z
(b2 + k2z)
2(b2 + 4k2z)
×
[
1
2
− 1
2
(
u
bc
)2
+
1
4
(
u
bc
)4]
. (135)
In analogy to the procedure outlined in Ref. [23], the
retarded limit may conveniently be treated by introduc-
ing the new integration variable v = bc/u, transforming
integrals according to
∫ ∞
0
du u2
∫ ∞
0
dq
q
b
e−2bzA . . .
7→ c3
∫ ∞
1
dv
v4
∫ ∞
0
db b3 e−2bzA . . . , (136)
applying the approximation (23), and carrying out the
v-integrals. Application of this procedure to Eqs. (133),
(134), and (135) leads to
∆11UA(zA) = −
23~cαA(0)χ(0)F3(kzzA)
640π2ε0z4A
, (137)
∆12UA(zA) =
9~cαA(0)χ
2(0)F3(kzzA)
640π2ε0z4A
, (138)
∆22UA(zA) =
43~cαA(0)χ
2(0)H3(kzzA)
8960π2ε0z4A
, (139)
where we have introduced the definitions (96) and (97).
Combining Eqs. (137)–(139) in accordance with Eq. (78)
and using Eqs. (92) and (93), we arrive at Eq. (90).
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The asymptotic behavior of Eqs. (133)–(135) in the
nonretarded limit may be obtained by transforming the
integral according to∫ ∞
0
du
∫ ∞
0
dq
q
b
e−2bzA . . .
7→
∫ ∞
0
du
∫ ∞
0
db e−2bzA . . . , (140)
retaining only the leading power of u/(bc), carrying out
the b-integral and discarding higher-order terms in uzA/c
(cf. Ref. [23]), resulting in
∆11UA(zA) = −
~F2(kzzA)
32π2ε0z3A
∫ ∞
0
duαA(iu)χ(iu) , (141)
∆12UA(zA) =
~F2(kzzA)
64π2ε0z3A
∫ ∞
0
duαA(iu)χ
2(iu) , (142)
∆22UA(zA) =
~µ0H0(kzzA)
32π2zA
∫ ∞
0
du u2αA(iu)χ
2(iu) ,
(143)
recall Eqs. (96) and (97). Upon using Eq. (78), Eqs. (141)
–(143) lead to Eq. (91), where we have neglected the
term proportional to z−1A in consistency with the nonre-
tarded limit and used Eqs. (94) and (95).
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